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Preface 


Galois Theory is a showpiece of mathematical unification, 
bringing together several different branches of the subject 
and creating a powerful machine for the study of problems 
of considerable historical and mathematical importance. 
This book is an attempt to present the theory in such a light, 
and in a manner suitable for second and third year under- 
graduates. 

The central theme is the application of the Galois group 
lo the quintic equation. As well as the traditional approach 
by way of the ‘general’ polynomial equation I have included 
a direct approach which demonstrates the insolubility by 
tadicals of a specific quintic polynomial with integer 
coefficients, which I feel is a more convincing result. The 
abstract Galois theory is set in the context of arbitrary field 
extensions, rather than just subfields of the complex num- 
bers; the resulting gain in generality more than compensates 
for the extra work required. Other topics covered are the 
problems of duplicating the cube, trisecting the angle, and 
squaring the circle; the construction of regular polygons; 
the solution of cubic and quartic equations; the structure 
of finite fields; and the 'fundamental theorem of algebra'. 
The last is proved by almost purely algebraic methods, and 
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provides an interesting application of Sylow theory. 

In order to make the treatment as self-contained as pos- 
sible, and to bring together all the relevant material in a 
single volume, I have included several digressions. The most 
important of these is a proof of the transcendence of z, 
which every mathematician should see at least once in his 
life. There is a discussion of Fermat numbers, to emphasize 
that the problem of regular polygons, although reduced to 
a simple-looking question in number theory, is by no means 
completely solved. A construction for the regular 17-gon is 
given, on the grounds that such an unintuitive result 
requires more than just an existence proof. 

Much of the motivation for the subject is historical, and I 
have taken the opportunity to weave historical comments 
into the body of the book where appropriate. There are two 
sections of purely historical matter: a short sketch of the 
history of polynomials, and a biography of Évariste Galois. 
The latter is culled from several sources (listed in the 
references) of which by far the most useful and accurate is 
that of Dupuy [37]. 

I have tried to give plenty of examples in the text to illus- 
trate the general theory, and have devoted one chapter to a 
detailed study of the Galois group of a particular field 
extension. There are nearly 200 exercises, with 20 harder 
ones for the more advanced student. 

Many people have helped, advised, or otherwise in- 
fluenced me in writing this book, and I am suitably grateful 
to them. In particular my thanks are due to Rolph 
Schwarzenberger and David Tall, who read successive 
drafts of the manuscript; to G. A. Paxson and Professor 
R. M. Robinson for information incorporated in the table 
of Fermat numbers; to Mr L. Bulmer and the staff of the 
University of Warwick Library for locating documents 
relevant to the historical aspects of the subject; to Professor 
Ronald Brown for editorial guidance and much good 
advice; and to the referee who pointed out a multitude of 
sins of omission and commission on my part, whose name 
I fear will forever remain a mystery to me. owing to the 
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tem of secrecy without which referees would be in 
tinual danger of violent retribution from indignant 


niversity of Warwick, IAN STEWART 


April, 1972. 


Notes to 
the reader 


Theorems, lemmas, propositions, corollaries, and the like 
are numbered consecutively within chapters by numbers 
of the form m.n where m is the chapter number and n 
indicates the position within the chapter. 

Exercises are given at the end of each chapter (with two 
exceptions) and are numbered in a similar fashion. There 
are also 20 harder exercises in a separate section at the 
end. Solutions are given to some of the exercises, mostly 
those whose solution can be made brief. 

Definitions are usually, but not always, signalled by the 
word Definition. 

Equations which need to be referred to are numbered (n) 
at the right-hand side of the page, the numbering starting 
afresh with each chapter. 

References are given at the back, and are signalled in the 
text by numbers of the form [m]. 


Structure 


Each brick represents a chapter. Mathematical dependence 
of chapters corresponds to structural dependence of bricks. 

For a short course aimed directly at the insolubility of 
the quintic equation the sequence of Chapters 1234789 
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10 11 13 14 is recommended. Alternatively the third sub- 
section of 13 may be omitted, together with the second half 
of 14, and Chapter 15 substituted. 
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Historical 
introduction 


Polynomial equations have a lengthy history. A Babylonian 
tablet of c. 1600 B.c. poses problems which reduce to the 
solution of quadratic equations (Midonick [44] p. 48); and 
it is clear from the tablets that the Babylonians possessed 
methods of solving them (Bourbaki [32] p. 92) although they 
had no algebraic notation with which to express their 
solution. The ancient Greeks solved quadratics by geo- 
metrical constructions, but there is no sign of an algebraic 
formulation until at least 100 A.D. (Bourbaki [32] p. 92). 
They also had methods applicable to cubic equations, 
involving points of intersection of conics. Algebraic solu- 
lions of the cubic were unknown, and in 1494 Pacioli ended 
his Summa di Arithmetica with the remark that the solution 
of the equations x3+mx =n and x3+n = mx was as 
impossible at the existing state of knowledge as squaring 
the circle. 

The Renaissance mathematicians at Bologna discovered 
that the solution of the cubic could be reduced to that of 
three basic types: x? -- px = q, x? = px4 q, X +q = px. 
They were forced to distinguish these cases because they 
did not recognize the existence of negative numbers. 
Scipio del Ferro is believed on good authority (Bortolotti 
[30]) to have solved all three types; he certainly passed on 
his method for one type to a student, Fior. News of the 
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solution leaked out, and others were encouraged to try 
their hand; and solutions were rediscovered by Niccolo 
Fontana (nicknamed Tartaglia) in 1535. Fontana demons- 
trated his methods in a public competition with Fior, but 
refused to reveal the details. Finally he was persuaded to 
tell them to the physician Girolamo Cardano, having first 
sworn him to secrecy. But when Cardano's Ars Magna 
appeared in 1545 it contained a complete discussion of 
Fontana's solution — with full acknowledgement to the 
discoverer. Although Cardano claimed motives of the 
highest order [33] Fontana was justifiably annoyed, and in 
the ensuing wrangle the history of the discovery became 
public knowledge. 

The Ars Magna also contained a method, due to 
Ludovico Ferrari, of solving the quartic equation by 
reducing it to a cubic. 

All the formulae discovered had one striking property, 
which can be illustrated by Fontana's solution of 
x? +px = q: 
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The expression is built up from the coefficients by repeated 
addition, subtraction, multiplication, division, and extrac- 
tion of roots. Such expressions became known as radical 
expressions. Since all equations of degree <4 were now 
solved, it was natural to ask how the quintic equation could 
be solved by radicals. 

Many mathematicians attacked the problem. Tschirn- 
haus claimed a solution, recognized as fallacious by Leibniz. 
Euler failed to solve the problem but found new methods 
for the quartic. Lagrange took an important step in 1770 
when he unified the separate tricks used for the equations 
of degree «4. He showed that they depended on finding 
functions of the roots of the equation which were un- 
changed by certain permutations of those roots; and he 
showed that this approach failed when tried on the quintic. 
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A. general feeling that the quintic could not be solved by 
radicals was now in the air; and in 1813 Ruffini attempted 
to give a proof of the impossibility. His paper appeared in 
an obscure journal, with several gaps in the proof (Bourbaki 
[32] p. 103) and attracted little attention. The question was 
finally settled by Abel in 1824, who proved conclusively 
that the general quintic equation was insoluble by radicals. 

The problem now arose of finding a way of deciding 
whether or not a given equation could be solved by radicals. 
Abel was working on it when he died in 1829. In 1832 a 
young Frenchman, Évariste Galois, was killed in a duel. 
He had for some time sought recognition for his mathe- 
matical theories, submitting three memoirs to the Academy 
of Sciences in Paris. They were all rejected; and his work 
appeared to be lost to the mathematical world. Then, on 
4 July 1843, Joseph Liouville addressed the academy. He 
opened with these words: 

'I hope to interest the Academy in announcing that 
among the papers of Évariste Galois I have found a solu- 
tion, as precise as it is profound, of this beautiful problem : 
whether or not it is soluble by radicals. . . .’ 


The life of Galois 


Évariste Galois was born at Bourg-la-Reine near Paris on 
25 October 1811. His father Nicolas-Gabriel Galois was a 
Republican [43] and head of the village liberal party; after 
the return to the throne of Louis XVIII in 1814 he became 
mayor. Évariste's mother Adelaide-Marie (née Demante) 
was the daughter of a jurisconsult. She was a fluent reader 
of Latin, thanks to a solid education in religion and the 
classics. 

For the first twelve years of his life Galois was educated 
by his mother, who passed on to him a thorough grounding 
in the classics. His childhood appears to have been a happy 
one [43]. At the age of 10 he was offered a place at the 
college of Reims, but his mother preferred to keep him at 
home. In October 1823 he entered the lycée Louis-le-Grand. 
During his first term there the students rebelled and refused 
to chant in chapel, and 100 of them were expelled [43]. 

Galois performed well during his first two years at school, 
obtaining first prize in Latin; but then boredom set in. He 
was made to repeat the next year's classes, but this simply 
aggravated the tedium. It was during this period that Galois 
began to take a serious interest in mathematics. He came 
across a copy of Legendre's Éléments de Géométrie, a classic 
text which broke with the Euclidean tradition of school 
geometry. It is said [28] that he read it ‘like a novel’ and 


xvii 


xviii GALOIS THEORY 


mastered it in one reading. The school algebra texts could 
not compete with Legendre's masterpeiece, and Galois 
turned instead to the original memoirs of Lagrange and 
Abel. At the age of 15 he was reading material written for 
professional mathematicians. But his classwork remained 
uninspired ; it would seem that he had lost all interest in it. 
His teachers misunderstood him and accused him of 
affecting ambition and originality. 

Galois was an untidy worker, as can be seen from some 
of his manuscripts [31]: and he tended to work in his head, 
committing only the results of his deliberations to paper. 
His teacher Vernier begged him to work systematically, but 
Galois ignored his advice. Without adequate preparation 
he took the competitive examination for entrance to the 
École Polytechnique. A pass would have ensured his 
success, for the Polytechnique was the breeding-ground of 
French mathematics. He failed. Two decades later Terquem 
(editor of the Nouvelles Annales des Mathématiques) 
advanced the following explanation: ‘A candidate of 
superior intelligence is lost with an examiner of inferior 
intelligence. Because they do not understand me, / am a 
barbarian. . . > 

In 1828 Galois entered the École Normale (a pale shadow 
of the Polytechnique) and attended an advanced class in 
mathematics under Richard, who was very sympathetic 
towards him. Richard was of the opinion that Galois should 
be admitted to the Polytechnique without examination 
[28]. The following year saw the publication of Galois's 
first paper, on continued fractions; though competent it 
held no hint of genius (see [38]). Meanwhile Galois had been 
making. fundamental discoveries in the theory of poly- 
nomial equations, and he submitted some of his results to 
the Academy of Sciences. The referee was Cauchy, who had 
already published work on the behaviour of functions under 
permutation of the variables, a central theme in Galois's 
theory. Cauchy rejected the memoir, and another presented 
eight days later fared the same. The manuscripts were lost, 
never to be seen again [43]. 


THE LIFE OF GALOIS xix 


The same year held two more disasters. On 2 July 1829 
Galois's father committed suicide after a bitter political 
dispute with the village priest. A few days later Galois sat 
again for entrance to the Polytechnique — his final chance. 
There is a legend [28, 37] that he lost his temper and threw 
an eraser into the examiner's face. But according to 
Bertrand [29] this tradition is false. The examiner Dinet 
asked Galois to outline the theory of ‘arithmetical loga- 
rithms’. . . and Galois informed him that there were no 
arithmetical logarithms. Dinet failed him. 

In February 1830 Galois presented his researches to the 
Academy of Sciences in competition for the Grand Prize 
in Mathematics — the pinnacle of mathematical honour. 
The work has since been judged more than worthy of the 
prize [28]. The manuscript reached the secretary, Fourier, 
who took it home for perusal. But he died before reading it, 
and the manuscript could not be found among his papers. 
According to Dupuy [37] Galois considered that the 
repeated losses of his papers were not the effect of mere 
chance. He saw them as the effect of a society in which 
genius was condemned to an eternal denial of justice in 
favour of mediocrity; and he blamed the politically 
oppressive Bourbon regime. 

Charles X had succeeded Louis XVIII in 1824. In 1827 
the liberal opposition had made electoral gains; and in 1830 
more elections were held, giving the opposition a majority. 
Charles, faced with abdication, attempted a coup d'état. 
On 25 July he issued his notorious Ordonnances suppres- 
sing the freedom of the Press. The populace was in no mood 
to tolerate these steps, and revolted. The uprising lasted 
three days, after which as a compromise the Duke of 
Orléans, Louis-Philippe, was made king. During these 
three days, while the students of the Polytechnique were 
making history in the streets, Galois and his fellow students 
were locked in by Guignault, director of the École Normale. 
Galois was incensed and subsequently wrote a blistering 
attack [37] on him in the Gazette des Écoles, signing the 
letter with his full name. The editor removed the signature, 
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and Galois was expelled as a result of his ‘anonymous’ 
letter [36]. (There is an interesting and detailed discussion 
of the circumstances in Dupuy [37].) 

On 13 January 1831 Galois tried to set up as a private 
teacher of mathematics, offering a course in advanced 
algebra. He met with little success. On 17 January he sent 
once more a memoir to the Academy: On the conditions of 
solubility of equations by radicals. Cauchy was no longer in 
Paris, and Poisson and Lacroix were appointed referees. 
After two months Galois had heard no word from them, 
and he wrote to the President of the Academy asking what 
was happening. He received no reply. 

He joined the artilery of the National Guard, a 
Republican organization. Soon afterwards its officers were 
arrested as conspirators, but acquitted by the jury. The 
artillery was disbanded by royal order. On 9 May a banquet 
was held in protest; the proceedings became more and 
more riotous, and Galois proposed a toast to Louis- 
Philippe with an open knife in his hand. His companions 
interpreted this as a threat on the king's life, applauded 
mightily, and ended up dancing and shouting in the street. 
The following day Galois was arrested. At the trial he 
admitted everything, but claimed that the toast proposed 
was actually ‘To Louis-Philippe, if he turns traitor, and 
that the uproar had drowned the last phrase. The jury 
acquitted him, and he was freed on 15 June. 

On 4 July he heard the fate of his memoir. Poisson 
declared it ‘incomprehensible’. The report (reprinted in full 
in [49]) ended as follows. 

‘We have made every effort to understand Galois's 
proof. His reasoning is not sufficiently clear, sufficiently 
developed, for us to judge its correctness, and we can give 
no idea of it in this report. The author announces that the 
proposition which is the special object of this memoir is part 
of a general theory susceptible of many applications. Per- 
haps it:will transpire that the different parts of a theory are 
mutually clarifying, are easier to grasp together rather 
than in isolation. We would then suggest that the author 
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should publish the whole of his work in order to form a 

definitive opinion. But in the state which the part he has 

submitted to the Academy now is, we cannot propose to 
give it approval.’ 

On 14 July Galois was at the head of a Republican 
demonstration, wearing the uniform of the disbanded 
artillery, carrying a knife and a gun. He was arrested on 
the Pont-Neuf; convicted of illegally wearing a uniform 
[28]; and sentenced to six months' imprisonment in the jail 
of Sainte-Pélagie. He worked for a while on his mathe- 
matics; then in the cholera epidemic of 1832 he was trans- 
ferred to a hospital. Soon he was put on parole. 

Along with his freedom he experienced his first and only 
love affair, with one Mlle Stéphanie D. The surname is 
unknown; it appears in one of Galois's manuscripts, but 
heavily obliterated. There is much mystery surrounding 
this interlude, which has a crucial bearing on subsequent 
events. Fragments of letters [31] indicate that Galois was 
rejected and took it very badly. Not long afterwards he was 
challenged to a duel, ostensibly because of his relationship 
with the girl. Again the circumstances are veiled in mystery. 
One school of thought (Bell [28], Kollros [43]) asserts that 
the girl was used as an excuse to eliminate a political 
opponent on a trumped-up ‘affair of honour’. In support 
of this we have the express statement of Alexandre Dumas 
(in his Mémoires) that one of the opponents was Pécheux 
D'Herbinville. But Dalmas [36] cites evidence from the 
police report suggesting that the other duellist was a 
Republican, possibly a revolutionary comrade of Galois's; 
and that the duel was exactly what it appeared to be. And 
this theory is largely borne out by Galois's own words on 
the matter [31]: 

'I beg patriots and my friends not to reproach me for 
dying otherwise than for my country. I die the victim of an 
infamous coquette. It is in a miserable brawl that my life 
is extinguished. Oh! why die for so trivial a thing, for 
something so despicable! . . . Pardon for those who have 
killed me, they are of good faith.’ 
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On the same day, 29 May, the eve of the duel, he wrote his 
famous letter to his friend Auguste Chevalier, outlining his 
discoveries; later published by Chevalier in the Revue 
Encyclopédique. In it he sketched the connection between 
groups and polynomial equations, stating that an equation 
is soluble by radicals provided its group is soluble. But he 
also mentioned many other ideas, about elliptic functions 
and the integration of algebraic functions; and other things 
too cryptic to be identifiable. It is in many ways a pathetic 
document, with scrawled comments in the margins: ‘I 
have no time! 

The duel was with pistols at 25 paces. Galois was hit in 
the stomach, and died a day later on 31 May of peritonitis. 
He refused the office of a priest. On 2 June 1832 he was 
buried in the common ditch at the cemetery of Mont- 
parnasse. 

His letter to Chevalier ended with these words: 

'Ask Jacobi or Gauss publicly to give their opinion, not 
as to the truth, but as to the importance of these theorems. 
Later there will be, I hope, some people who will find it to 
their advantage to decipher all this mess. . . .' 
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integral domain of integers 
field of rational numbers 
field of real numbers 

field of complex numbers 
integers divisible by n 

ring of integers modulo n 
polynomial 

polynomial ring 


polynomial ring in n indetermi- 


nates 

polynomial 

polynomial 

field of rational expressions 
field of rational expressions 
degree of the polynomial f 
conventional use of infinity 
f divides g 

f does not divide g 


elementary symmetric polyno- 


mial 
field extension 
field generated by K o Y 
field generated by K v {y} 
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field generated by K U (yi, s Yu} 

restriction of map p to K 

degree of field extension 

conventional use of infinity 

field of algebraic numbers 

real number —3:14159... 

Euclidean plane 

factorial n 

real number —2:71828--- 

Galois group 

subgroup of Galois group 

fixed field of H 

set of intermediate fields 

set of subgroups of the Galois 
group 

Galois correspondence 

Galois correspondence 


binomial coefficient 


formal derivative 

cardinality of S 

image of map $ 

kernel of map D 

dihedral group of order 8 
cyclic group of order n 
direct product 

H is a normal subgroup of G 
symmetric group of degree n 
alternating group of degree n 
Klein four-group 
isomorphism 

centralizer of x in G 

centre of G 

dihedral group of order 2n 
ultraradical 

norm 

trace 

Frobenius monomorphism 
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GF(q) 
e(G) 
Fn 
H 
[A:T]; 
[A:T]r 
I 


a 


finite field 

exponent of group G 

nth Fermat number 

division ring of quaternions 

degree of division ring extension 

degree of division ring extension 

inner automorphism of division 
ring 
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